Limit of sequences
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(@) lim OE)OOn =lim nl = =0
n°+1 14— 1+0
nZ

Nari-valariedn) 1
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(c) Since -1<sin(n)<1 VneN.
¥n?  n?sin(nt) Vn? _An? __ {n%sinn) . n?
— < < = - im <lim

n+l  n+1  n+1 I L o | e 4]

0

1 1
3 3{/_2 i 3/ 2
. . n- sin(n! . . n‘ sin(n!
= —lim n1S|Im ( )sllm n < mA<O
n—ow n—ow n—oo n—oo
14— n+1 145 n+1
n n

By sandwich theorem, result follows.
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(e) lim = lim lim _
2 1+b+b?+..+b" 1-am*(1-b)I+b+b’+..+b") I-a"=1-b" 1-a
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1 2 n-1 1(1 2 n-1 1 x?|1
or liml—+—+..+—|=lim—| —+—+...+—— =J‘ Xdx = —|
e\ n?  n? n? —enln n n 0 210

(b) When n iseven, L= I|m—|(1 2)+@B-4)+..+[(n-1) - n|_I|m

n—o0 n

n‘l
21 2

. .1 .1 1 .1 1 1
When n isodd, L= I|m—|[n—(n—l)]+...+(3—2)+]1=I|m—‘ni‘=llm—(1+—j=—
n—-w© n n—-o n 2 n—>002 n 2

1
L==
2

.1 2 3 n .
Note that : Ilm[———+——...+(—1)”—} does not exist
n

n—ow n n n

L 1 . 1 .
since it is equal to - when n is even and > when n is odd.

(© =lim— (w) lllm(l—lj 1-(2—£j=1

n->® n 3 6 6 N> n n 3

2 2 _ 2 3 1
or L:Iimi (3) +(Ej + +(n_1j =Jlx2dx=x—
e \n n n 0 310
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(f)

(9)
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Let x= —+— > + n 1)
2 23 2n
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1 2n-1 1_() 2n-1 1\"] 2n-1
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Iog2L:Iim{l+l+1+...+i}:llim =lim 1—(5) =1
n—ow| 2 4 8 2” 2 N _1 n—»o0 2
2
L=2
Method 1
Toprove P(n): 2">n®> (n>5)
ForP(5), 2°=32>25=5%. P(5) is true.
Assume P(k) istrue forsome keN, n>5. *)
For P(k+ 1), 1=k 2>K2.2, by (¥
K+ K= (k+1)%+ (K =2k-1) = (k+1)* +[(k-1)°*-2]> (k+1)*+[6°-2]
> (k + 1)%
P(k +1) isalso true.
By the Principle of Mathematical Induction, P(n) istrue ¥V ne N, n>5.
n n 1
Therefore Vne N, n>5, O<2—n<—2:— , by P(n) above.
n
. 1 .n .1 .
Since  lim—=0Q, 0< |Im2—S lim—=0. By sandwich theorem, result follows.
n—» n n—w PN n—©
Method 2
n(n -1 n n
For n>2, 2"=(@1+1)">1+n+ ( ):>O<—<—
n n(n-1)
1+n+——
Take n—oo and apply Sandwich theorem, result follows.
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(b) 0<_:_._.( ______ ___._j<2.1.(_._._._"._J:2(_J
nn 12345 n 333 3 3

AR " :
0<lim—< |Im2(—J =0 By sandwich theorem, result follows.

n—ow n! n—o 3

(c) First we like to prove that Iiml=0

n%wan
Let a=1+h, since a>1, .. h>0.

n n n n 2

= = < =
n n — — 2
a"  (1+h) 1+nh+n(n2 Dy g n(n2 D2 (n-Dh

.on . 2 ..n .
O<lim—<lim———=0 ~lim—=0 , by Sandwich Theorem.
n—>ooa” n—>oo(n_1)h n_mcan

k

. ..n
Now we like to prove that lim—=0, where k=constant , a>1.

n—»o0 a"

We can assume that k>0, since the identity is obvious true where k<0.
Let a=b*, since a>1, b>1.

k k k
.. N . n . n
lim— = lim =/lim—| =0=0
N gn n—>oc(bk)” n—o [N

(d) Let k beafixed natural number greater than a,thenfor n>k,

a" (a a a a]( a a a) a“ a
O<—=|——m e || —— — |« — . —
n! 123 k k+1 k+2 n kl n

n k n

IimOinma—inma—~3 :>Iima—=0, by Sandwich Theorem.
n—o n—w nl n—x ki n n-wo nl
1 1 1
(&) lgl<1. no— > 1, let — =1+h. ~h>0 and [g=— .
lal lal 1+h
0<|nqn L n < n __ 2
- n — — - 2
@+h)" g =D e n-D) . (n-)h
2 2
o 2 L _
O<limng"|<lim——=0 = limng"|=0 , by Sandwich Theorem.
n—w n—w (n _1)h n—w
® @) If a>1, put a,=%a-1 ,then a,>0.
By Bernoulli’s inequality, 1+na, <(1+a,)" =a. Hence O<an£a—_1 .
n

Taking limit n —o0 and using Sandwich theorem, result follows.
(i) If a=1,theresultis obvious.
@iii) If O<a<l,thenput b=1/a.
1 1
Since b>1,by (), lim¥b=1 Slim——=1 =———=1 =lim¥a=1
n—w n»oo,n\/g ||m,n\/g n—w

(9 If a, :W, letus write a,=1+b,,where b,>0.

Now, n=a,"=(1+by)"= 1+nb, + n(n2—1) b, +.+b," >@an :




Thus, O<b, < 2 =0<Ilimb, <lim i:0 = limb, =0

n— 1 n—oo n—o | n _1 n—o

= lima, =lim(1+b,)=1.

" °<"\E \/; \/Hn(n J(n 50" 2)} ls2l21)
<2\/n{[ﬂ{n<n—1)} Ln e 2>} za) E}} (A= o)
R e L e PR - e

. . /1 .1 .
0<Ilim <lim,/—=0 =lim =0 , by Sandwich Theorem.
n el

n—o R nl n—o

Note :  3(f), (g), (h) can be proved by the result of No.7.

lima,=a=Vve>0,INeN st.n>N=|a,-a|<e

Ve>0,INeN st. n>N=|a,|-|a|<l|a,—a<e s limla, | =a|
n—o
The converse is not true. ~ Counterexample :  Consider a, = (-1)".
a, isan oscillating sequence and  lim(-1)" does not exist.
n—oo
But lim|(-D)"|=lim1=1 exist.
N—o0 n—oo

b,+b,+..+b

Let a,=b,+a, wemustprove that Ilmb =0=lim=2>—=2 " "n_90,
n—oo n
Now bl+b2+...+bn:b1+b2+...+bperp+1+bp+2+...+bn
n n n
So that. |b1+b2+...+bn|s|b1+b2+...+bp|+|bp+l|+|bp+2|+...+|bn| W
n | n n
Since limb, =0 ,wecanchoose p sothat for n>p, |by<el2.
£+£+ +E (n_p)E
Then D] +10p:e] +--+104| <22 2 2 ¢ )
n n n 2
_ o, +b, +..+b,| ¢
After choosing p wecanchoose N sothat Vvn>N>p, —<E 3)
n
Then (2)and (3), (1) becomes: M<§+%:a for n>N.
n

Thus proving the result.
lima,=a=Ve>0,IneN st.n>N=|a, -al<ae and a,>0 (since a>0)

a, a,—a | -a| ae .
" |log, a, —log, a| =|log, —|=|log,| 1+ | |=—=s - limlog,a, =log, a

a a n—oo

(Note :  loge (1 +x) <x for x>-1,x¢0.)



7. By (6), lima,=a (a>0), limlog,a,=1log,a

im log.a, +log,a, +...+log, a,

By (5), li =log, a
nN—o0 n
= limlog,%/a,a,...a, =log, a
= limy/a,a,..a, =a
8. Put b,=a, b, =22, S
a an
H H an H an+1
Then limb, =lim =lim—= =b (say)
n—o0o n—o0 an-;[ n—o0 an
By (7), limy/b,b,..b, =b _ lim &net
nN—o0 n—o0 an
2n)! 2(n+1)]
9. Put a, =( n) , then M:M.
(nn)? [(n+1)1]
1 2
8., _ (20+1)(2n+2) (2+n)(2+n) A
= 1)2 = 1 > . rl]!l]oa_:4 .
a, (n+ [1+J .
n

| 1/n
By No. 4, Iimﬁ:lim((zn)) =4

n—o n—o (n!)z

n+l n+l
10. First we like to prove that Yy, >Vyn. Y, = (1+ 1) = (n_+1j
n n

1 1 1 1

: . a
= limy/a, =lim—"%

n—oo

n+l n+1 n+1< n+2 !
1 1 1
(” ) (1—) 1><(1—) 1+(n+1)(1—j
n+1 n+1 n+1 n+1

1+(n+1)

1

~ _(n+2)n+2_[1+ 1 sz_y
[n+1)"+2 n+1 n+1 e

n+2

yn is monotonic decreasing . It is also bounded below since y,>0.

limy, exists.
nN—o0

. " 1\ 1) . 1\ . 1
I|m(1+—j :Ilm(1+—j (1+—):I|m(1+—J I|m[1+—j:e.
n—o n n—o n n n—oo n n—w n

n—o0 a
n

AM.>G.M.



11.

12.

13.

14.

(1), -3
o o (T ()
S I R I

Since k<n, xn<2+i(1—1)+£(1—l)(1—3)+...+i(l—lj...(l—ﬂj
2! n/ 3 n n k! n n

. 1 1 1
Letting n —oo, we have: e>2+—+—+..+—=Y,
21 3 k!
Clearly, Xxn<y, <e andsoas limy, existsandisequalto e by Sandwich theorem.
1 1 1 1
a,,;—a, :——In(1+—), b...—b, :——In(1+—J
n n n+1 n
Sincefor n<x<n+1, wehave i<1<1.
n+l X n
nl d n+1 n+l 1 1 1
I —X<I —X<J- x :—<In(l+—)<—
nn+l Jnox non n+1 n/ n
sy, —a,>0, b,,-b,<0.

{an} ismonotonic increasing and {b,} is monotonic decreasing.
Furthermore, a,<b,.
Hence a; =0 isthelowerboundof b, , b,>a,>a,.1>...>a.

and b; =1 istheupperboundof a, , a,<b,<...<b;.

By Monotone Bounded Convergence theorem, lima,, limb, exists.

n—oo n—oo

. 1 . .
lim(a,-b,)=lim==0 = lima, =limb,
n—ow n—% n n—ow nN—a0
3 5 7 2n-1 1 1
0<a, =—x—x—x..x X <
8 2n 2n+2 2n+2

Taking limit as n—ow,wehave, 0<lima, <lim =0 ~.lima, =0.
n—o n—>oc2n+2 n—o
Itcanbeseenthat a,>0 VneN.
6 6
Now, a;>2, a, = <——=2.
l+a, 1+2
6 4 - 2a 2(a -2
But a,,-2= -2= L=— (@, -2) (@)
l+a, l+a, l+a,

If a,>2, then a,-2>0, from(*) since 1+a,>0, wehave a1—-2>0 or au>2.
Similarly, if a,<2 ,then an;<2.

By the Principle of Mathematical Induction, ax_;>2, ax<2 VkeN.



2
Now, a,,-a, = 6 _an:L_an:M_an:_an +a,-6_ (a,~2)(@,+3)
1+a, 140 7+a, 7+a, 7+a,
1+a,
a, ,—2)@, ,+3
If n=2k—1,then Q. —a,,= (@22 =2 )<0, since a1 > 2.
T+a,
A, —2)(@, +3
If n=2k,then a,,,—a, = (@5 ~2)@y )>0, since ax <2.
7+a,,

{ax_1} isdecreasing and is bounded below by 2.
{ax } isincreasing and is bounded above by 2.

{ax_-1} and {ax } have limits.

6(1+a,,)

Since  a,,, =—= .Takelimit k— o, putting a =lima,, =lima,,,, weget
7+a2k k—o0 k—o0
6(1+a L
a= §+) , a®+7a-6=0, (a+3)(a-2)=0, ..a=2 (a=-3isrejectedas a>0)
+a

The sequence {ax } isconvergent to 2.

6(l+a,, ;)

Since a,,, =———— .Takelimit k— o, putting b =lima,, =Ilima,,,, weget
+ 7+a2k71 k—o0 k—0 +
6(1+b .
b =§—b) , ~.b=2 .. Thesequence {ax-_;}isalsoconvergent to 2.
+

Since limit of a sequence is unique if exists, lima, =a=h=2.

n—oo

It can be seeneasilythat a,>0 VvV neN.

2 2 2
an+1_1:%(an +iJ—l=an +1—l:an +1-2a, :(an 1) )

a, 2a, 2a, 2a,

=a,,>1 =a,>1 vneN 1)
1 1 a,’ +1 a,’+1-2a,° 1-a’ (1-a,)l+a

Now, a,,-a,=—|a,+—|-a,=— -a,=—" = . :( it n)<0,by(1).
2 N 2a, 2a, 2a, N

A1 - <0, @& <apn.

{a,} isdecreasing and is bounded below by 1.

lima, exists. Let L= lima, =lima,,

n—o n—o n—oo

. 1 1 1 1 L?+1
Since a,,=—|a,+—|, take n—o, wehave L= —(L+—) =7
2 a, 2 L 2L
2L%=L%+1
L*=1

Since a,>0, L>0, ..L=1.



16.

17.

18.

19.

an s strictly increasing

Let P(n) be the proposition: ap<an:1.
For P(1), alzx/g, aZ:\/6+\/€>\/6+0:\/§:a1

Assume P(k) istrue forsome keN. i.e. ax<akq e (D

(1) = 6+a<b+auw = a.,=46+a, <+6+a., =2,
P(k+1) s true.
By the Principle of Mathematical Induction, P(n) is true VneN.

(if) a, isbounded above.
. 2 6 a,, 6 . .
Since a,>0, a,=46+a,, >a,”=6+a,,>a,=—+ <—+1 , a, is increasing.
an an an
6 6 6
But a,>ani>..>a= V6 =>—<— S, <—=+1
n n-1 1 an \/g »\/E
(iii) By Bounded Monotone Theorem, lima, exists. Let L= lima, =lima,,
Bytaking n-—w, a,=46+a,, =>L=v6+L=>L"-L+6=0=(L-3)(L-2)=0
Since L>0, .. L=3
0 _2(n+1)-3 2n-3 2n+5 2n-3 (2n+5)(n+2)-(2n-3)(n+3) 1 >0
" (n+D)+2 n+2  n+3  n+2 (n+2)(n+3) (n+2)(n+3)
S Unsr>Up  and  u, isamontonic increasing sequence.
. 2n-3 1 .
@iy u,= =2- <2 2. Uy is bounded above.
n+2 n+2
S . . . 2+3/n
By Monotone Bound Theorem, the limit limu, exists. limu, =lim =2.

@
(b)
(©)
(d)
(e)
()
()
(h)

(@)

n—w n—>w1+2/n

Sn diverges. It is bounded.

Sn converges. S,—>0 as n—oo.

Sn diverges. Itisunbounded. Itisnottruethat S,—>w as n-—>w.
Sn converges. Ss—>1 as n—oo.

S, diverges. It is bounded.

Sn converges. S,—>0 as n—oo.

Sn diverges. Itisunbounded. Itistruethat S, —> as n-—oo.

Sn diverges. Itisunbounded. Itistruethat S, >*c as n-—oo.

However, itis nottruethat S, >+ as n— .

No, take a,=1/n, then a,—»0 as n—ow.

°° 1111111 1 (11 1111 1 11
Z a, =l+—+—+—+—F+—F—F—+.>1+—+| —F— |+ —F—F+—F+— [+ =l —+—+..
7 8 2 2 2 2

n=0 2 3 456

Since the last series diverges, Xa, diverges.

4 4 8 8 8 8



20.

21.

(b) Yes,put sp=a;+a+...+a,.

Ya, converges, then lims, existsandisequalto L, say.
N—oo

Ve>0,INeN st n>N=ls —L|<e/2 and s, ,—-L|<e/2
Then, forthis N, n>N,

|an _Ol :lsn _Sn—ll :l(sn - L)_(L_Sn—l)l<|sn - L|+|L_Sn—1| <gl2+el2=¢.

(c) If X|a,| isconvergent, then by Cauchy definition:

Ve>0,INeN st. n>N,VpeN=[a,,|+[a,,|+..+[a,,|<¢
0<|@y; +an, +otay| <|an]+|an|+.+ ., <€
Y a, Isconvergent.
nl .
(d) No, take a,=(-1)"—, then Xa, isconvergent.
n
1 1 1 4 1 1 1
Proof: s, —S,|= - + et ()< —< =
n+l n+2 n+3 n+p n+1 n
. 1
Ve >0,take N=[1/¢] then if n>N, |5, —s|<=<e holds.
n
But Xa,= ZX(1/n) isnotconvergent.
1 1 1 1 1 1 p
Spep —So| = + + > + +ot >
N+l n+2 n+p n+p n+p n+p n+p

1 1 .
Take p=n, |s,,—S,| >? If we take ¢ =E, no matter how large is N, we cannot have

1
|52n_sn|<5=8'

a = ! + ! ot ! < ! + - Fot ! <1
" Jnts1 An242 vn2en Wn?+1 Yn?+l Vn2+1 Wn?+1
a = ! + ! ot ! > ! + ! ot ! >
" Jnt1 An242 vn2+n vn*+n vn?+n vn2+n n?+n
N ca <" e
n®+n n?+1

Taking limitas n— .

. n . 1
lim =lim

. . 1
=1 and lim =lim—————=1.
n»w\/nz_i_n ﬂ*)w,\/l_i_l/n

n
o2l r A1

By Sandwich theorem, lima, =1.

(@) x,=2"%, .. ,x,=(2x,,)"*. Firstwe like to prove that P(n):x,<2 V¥n eN.
For P(1), X1=\/§<2 - P(1) istrue.

Assume that P(k-1) is true for some Yk eN, i.e. Xy <2.

0.



22.

23.

For Pk),  x,=(2x,,)""<(2x2)"*=2
By the Principle of Mathematical Induction, P(n) is true ¥n eN.

2 2 .
Now, x, =(2x,,)"" =x>=2x,,= =—=E=1, since X,>0 and X,<2.
X, X

n

Xn IS an increasing function and is bounded above by 2.

By the Monotone Bound Theorem, limx, exists and is equal to L (say).

n—o

Since bytaking n—oow, X, =(2x,,)’=>L=(2L)?=12=2L=L=02
Since x,>0, L=2

(b) x,=c"? ...x, =(c+x)* ,c>0.

(i) x>0 V¥neN. (obviously true, or prove by math. induction)

(i) Claim: X,<Xps1 VN eN. Use M.I x1=\/E<\/c+\/_=x2

X, 1 <X, =>C+X, ; <C+X, =/C+X, , <A/C+X, =X, <X,,

1+v1+4
(i) Let limx, =limx,, =L then xn:(c+xn_1)“2:L:\/c+L:>L:+T+C
. 6(1
() u., -2y e
7+uU,
6(1 6+6u, —14-2 4u -8 4(u,-2
uml_z: (+un)_2: +ou, un: u, _ (un ) (*)
7+u, 7+u, 7+u, 7+u,

Itisclearthat u,>0,VneN.Henceby (*), uy>2 = un>2.

6(1 oy 43
Now, Unﬂ—un:ﬂ—u _ (U, =2)u, +3) <0.

7+u, 7+u,
Un+1 <U, and u, is monotonic decreasing.
(i) Similarto (i), we can use mathematical induction to show that u,<2 Vvn eN.
_6(1+u,) . _ (u,=2)(u, +3) 0

u n=
7+uU, 7+uU,

nel~ Yn

Un+1 > U, and u, IS monotonic increasing.
Un is bounded below in (i) since u,>0 Vn eN.

U, is bounded above in (ii) since u, <2 VneN.

Limit exists in both the above cases. Let  limx, =limx,., =L, then from

n—o n—o

_6(1+u,)

n+l

_6(1+L)

=L C =(L-2)(L+3)=0=L=2.

7+uU,

L=-3 isrejectedsince u,>0 =L>0.

b b\
u,=va"+b", O<b<a = —<1 :(—) <1,

a a

a=%a" <¥a" +b" =ay/(b/a)” +1" <¥1" 11" =a(2)""

Taking limitas n —oo and using Sandwich theorem, limu, =lim¥a" +b" =a.

n—oo n—oo

||—>

0.

10



24. We like to use Math. Induction to show that P(n):a<x,<b istrue Vvn eN.

For P(1), a<x;=h<h. - P(1) istrue.

Assume P(k) istrueforsome neN. a<x<b )

For P(k+1), Xum=x’+c>a’+c=a (since a’-a+c=0)
X =Xe+c<b’+c=h (since b*-b+c=0)

a<xXws+<b and P(k+1) isalso true.

By the Principle of Mathematical Induction, P(n) is true V¥n eN.

We like to use Math. Induction to show that P(n) : Xp+: <X, istrue Vvn eN.

For P(1), x1=h, X=x?+c=h*+c=(h?~h+c)+h<h (since h’~h+c<0)

(Note that a, b are roots of xX*-x+c=0 = a+b=1 and ab=c
h®~h+c=h’-(a+b)h+ab=(h-a)(h-b)<0 since a<h<b< h-a>0 and h-b<0)
P(1) istrue.
Assume P(k) istrue forsome neN. Xgi<xx forsome neN.
For P(k+1), X1<Xk = Xei<X¢ = Xel +C<XC+C = Xa2<Xu1 .. P(k+1)istrue.

By the Principle of Mathematical Induction, P(n) is true Vvn eN.

Since X, isbounded and is monotonic decreasing, limit exists. Let limx, =limx , =L.

n—o n—oo

BY Xmi=X +C as n—ow, L=L?+c=L°-L+c=0=L=a or b (L=b isrejected)

. n+1
25. (a) Weliketoprovethat ve>0, 3N()>0, n>N= |— 1<g
n° +
[n+1| n+1 1 1 )
But <g& g —<eg&&—<e&<=NnN" >—
In®+1| n®+1 n“+n+1 n’ €
1 n+1
Take N= [—} then n>N= |— <g.
€ n°+1
. sinn
(b) We like to prove that Ve>0, 3IN(e)>0, n>N= |—|<s
n
sinn . . . .
But |—<e istrueif |—{<e , since |sinn|<1.
n n

orif 1lin<e orif n>1le.

Take N = [1} then n>N= sinn
g n
. n+(-1)"
(c) Weliketoprovethat Ve>0, 3IN(e)>0, n>N= 2—l<s
n -

-1) -1) 1 1 1
|n+( )|<8<:n+( ) <g (sn=l)< n+ <e(v(-)"<D)e=—~<ee=n>—-1
| n2-1 | n?-1 n’-1 n-1 €

1 n+(-1)"
Take N = [——I}Jhen n>N:>#<s.
€ n--1
(d) Weliketoprovethat Ve>0, 3IN(e)>0, Vp>0,n>N= |upsp-Up|<e
1 1 e 1 .
BUt  [Unep - Up | = - +oH (=)™ {<e istrue
[(p+Dn (p+2)n (n+p)
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26.

217.

28.

29.

1 1 1 1
if <g&e=—<g&<&n>— . Take N= [—} then n>N =|uyp-Uy|<e.
(p+1)n n € €
() We liketoprovethat Ve>0, 3IN(e)>0, n>N= ‘(n+1)”2—n”2‘<s : But:
1 1 1
(n+1" —n¥?|<e=(n+)” -V = <= (n+1)* +n¥? > Z=n¥ 40 >
(n+1)"* +n¥? € €
1 1 1 1
cnl/2+nl/2>—<:2nl/z>—<:n>1/— o Take N= | [— |,
€ € 2¢ 2¢

we have Ve >0, 3N(g)>0, n>N= ‘(n+1)]/2_n]/2‘<8 :

2k -1

(@ When n=2k, lim——=1 S — L
k—o 2k
. (2k-1)+1
When n=2k-1, Ilm(—)+=1 Skl — 1 A
koo 2k -1

() 3 (¢ 31

(d) limnY2=w. Weliketoprove YM>0,3aN>0, n>N =n'}y>M

n—oo

But |n*)>M istrue if n>M? Take N=M’n>N = |n*3>M.

. 11 1
(e) |Im(1+5+5+...+—j:oo. See solution in No. 19 (d).
n—owo n

(f) limlog,,n=c We like to prove that YM>0,3N>0, n>N = |log,on|>M

But |logion|>M istrueif n>10 Take N=10™then n>N = |logyn|>M.

limx, =0. Ve>0, 3IN()>0, n>N= [x |<e.

n—oo

V1/e>0, 3IN()>0, n>N= [I/x,|>¢ since |[x,|#0 . Take M =[1/g], then

1
VM>0, 3N(E)>0, n>N= [I/x,|>M . .. lim—=ow.
n—moxn
Yes. Proof : Let X, >A,yn—>B. Xphaslimit=x, isbounded < |x,|<M.

[XnYn — AB| = [XnYn — Xn B + Xn B —AB| < [XpYn — Xn Bl + [Xa B —AB| = |Xq| [yn — B| + |B[xn— A|
Xn—>A, Ve>0, IN(E) >0, n>N=|x,—A|l<g
Va—>B, Ve>0, 3IN(E)>0, n>N=|y,—-B|<ege

- [Xayn —AB| < Me + Be = & (M + |B]) . limxy, =AB .

The converse is not true. Take Xpyn=1, X,=n, y,=1/n.

1 1 1 1 1 1 n 1
@ 0< —+ +..+ s < Sttt t—<—=—
n’>  (n+1)? (2n) n* n? n> n®> n
1 1 1 1 1 1 1
Take n—w, 0<—+ ~ ot - <lim—=0 s lim—+ ..+ ;=
n? (n+1) (2n)*> m=n —en? o (n+1)? (2n)

12



30.

31.

1" 1 n
L i ) o W G I
®) tim—2——2" _ lim : —Zlim——2L 2
S S
4 4 4 4
18
(© (sinnt)isboundedand lim——= = lim—— =0 ;nm@mm{flij -0
oo 1 eyl N 21
. 1 1 1 . 11 11 1 1 .
lim —+—+...+ =lim{|———|+| === |+...4+]| ———— |} =lim
e 1.2 2.3 (n=Hn | m=(L1 2 2 3 n-1 n+1 n—
2nf+l o 2+(1/n?)
lim =lim =2,
noo 02 _1 n%wl_(l/nz)
17 1 1 2
lim (sinn!)[n } —[—+—+...+ ! }{2“ +1} — 2
n—eo n®+1 1.2 2.3 (n-Dn || n*-1
. -2)"+3" 3"(-2/3)" +1 1. -2/3)"+1 1
(d) I|m—( n)+1 = [( )n+1 ] =—I|m( )n+1 =
non ()" gt noegii[C2y3)" 1] 3o (—2/3)" 41 3
Put a=1+b, giventhat a>1 .. b>0
a":(l+b)”>l+nb+mb2:i< 1 =0<—
a" 1+nb+n(n-1)b?/2 a" 1+nb+n(n-1)b?*/2
Take N, 0<lim--<lim n -0 Lo lim Y=o,
e g’ >2]41nb+n(n-1)b*/2 N g
n° n° n°

= <
2" (1+1)" 1+n+n(n-1)/2+..+n(n-1)..(n-5)/6!

(

1-=
n

n

1j=1

where n>6.

5

Take n—oo  and use Squeeze Theorem, Iim%:O.
.5 .5 1
sin— sin— /tan— sinx /tanx
(@ lim—1=lim5x—" N _limbx>—> /-2 =5
n_mtani n—w 9 i x—0 X X
n? n’ n?
1 .1
sin— sin— sinx
(b) lim—=lim—Yxn=lim—=limn=1xo0w =00
n—oo i n—o 1 Xx—0 X N
n’ n
2
In(1+)
. 1. 1. 1
(c) Ilm—‘/H = =lim[xIn(1+x)]==limxlim[In(1+ x)]==x0x0=0
n—oo \/ﬁ x:i x—0 2 x>0 x-0 2
142+ . /2 1, n? 1. 1+ 1
@ limir2retn o neiz Lonen 1, 1e@n) 1
e op2yl mee o241 2mep?il 2m0=14(1/n?) 2
© “mJn2+1+Jﬁ—Vn2—1_“m\h+ﬁhﬁ)+JUn—Jl—@Hﬁ)_o

n—oo

n+1

n—w

1+(1/n)
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32. Giventhat x;=1,x,=2 and X,=4X,,X,, (n>2)

-1/2 (-112)? (-1/2)"?
Xn _ \/Xn—lxn—z — \/an — [ Xn-1 J _ (an J _ _ {X_z] _ 2(71/2)"’2
Xn—l Xn—l Xn—l Xn—Z Xn—3 Xl

T

(12" (-1/2)"? 5 (-1/2)"* 1\"? 1\"?
Xn =2 anl =2 2 Xn71=_,_=2exp _E + _E n

~ 1-(-1/2)" ] 3(, (1Y
_ZeXp{ 1-(~1/2) }"ZeXp{z(l ( 2j J}'

limx, =2¥2 =242 .

n—w

1 2 1 2
33. a>b>0, a,=—(a+bh), bl=ib, a,=—(,,+b,,), bn=a”;b”’1
2 a+b 2 a,,+b.,
anbp = apqbpy=...=asby =ab. Obviously a,>0,b,>0, since a>b>0.
1 2
a, _E(anfl+b”*1)A.M§G.M.‘/a”b" =+/ab =a, >ab e (D)
2a'n—lbn—l 2
b,=—ntrt < fap =+ab =b’<ab ... (2

. <
H.M.<G.M.
a,,+b.,

2
a,—-a,; =4, _%(anl + bn—l) =4, _%[anl +aa_bj =E(Mj <0, by (1)

n
n-1 2 an—l
2
b -b . = 2a‘n—lbn—l b = a‘n—lbn—l B bn—l >0
n n-1 n-1
an—l + bn—l an—l + bn—l

Jab<a,<a,,, vab>b ,>b , .
an, is montonic decreasing and is bounded below. b, is montonic increasing and is bounded above.

Let lima,=lima, =L, limb, =limb,_, =M.
1 2a, b L+M 2LM

a, =_(an71 + bnfl)' bn = el o L= * , M= =L=M (L! M = 0)
2 a,,+b., 2 L+M

a, = l(am1 +b,,)= %(anl +a_bJ =>L= %(L +a—fj = L=+ab (negative root rejected)

n-1
3(1+x 3-x,’
34. (i) xnﬂ—xn:%—xn:?ﬁ—x“ e
3-%,,°
X, =X, = - N )|
3+X,,4
2 2
3(1 6(3—
Now,  3-x2=3|dHXa) 8 X"-lz) )
3+X,, (3+x,4)
From (3), 3-x,°, 83-x,,  are of the same sign.
From(1) and (2), Xn+1 - Xn  and  X,_X,.p are of the same sign.

Xn IS monotonic.
31 3+3x_ —3v3-4/3
\/§‘= (+Xn)_\/§_| + 95X, Xn

3+X, | 3+X, |

(3—\/5)(xn—\/§)

3+X,

X

(i)

ndl
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3 .
< xn—@‘zkxn—\@‘ where k= ,0<k<1, since Xx,>0.
3+X, 3+X,
X .. —v3|<k|x —+v3|<k’|x _, —+v3|<..<Kk"|x, -
n+l \/§ k n \/5 kz n-1 \/5 kn 1 \/§
\/§—k“xl—\/§‘<xm<\/§+k“xl—\/§‘ and  Xn+1 (hence x,) is bounded.
By (i) X, is monotonic, X, has a limit.
. . 3(1+ X 3(1+L
Let limx,=limx =L, thenfrom x,, = -+ ”), L= A+ ),
n—w n—o 3+Xn 3+L
2 2 2
u,“+A (u,—-A)
35. () Upya—A=— —A=— >0 since Up=0. . Upi2A.
2u, 2u,
2 2 2 2
u A A°—u .
uM—un:L—un " but uy>A=u,’>A%, since u,>0,A>0.
2u, 2u,
Uns1 < Uy . (un is montonic decreasing.)
u’+A?
_A 5 ) 2
i) d U, —A 2u, u,”+A"-2u,A  (u,-A 42
U +A U +A? u’+A’+-2uA \u, +A "
" FA
2u,
(iii) By (i), limit exists.
By (i), d,,=d=(d, )" =..=d* (1)
. u,—A
Since 0<A<u;, d,=-* , 0<d; <1
u, +A
. n . u - .
As n—w, by (1), limd,” =0=limd, =lim———=0=limu, =A.
n—ow n—o n—w un+A n—o
Let A= +11, A?=11, uw=4 =0<A<u.
2 2
u”"+A° 16+11
u, =1 AT 3375,
2u, 2x4
2 2 2
u A° 3.375°+11
u =2 TR 33173
2u, 2x3.375
2 2 2
u A° 3.3173° +11
u = TR T 33166
2u, 2x3.3173
2 2 2
u A°  3.3166° +11
u = e TR T 33166
2u, 2x3.3166
V11 ~3.317

(correct to 3 decimal places)

L=3 (-ve root rejected)

(un is bounded.)
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