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  ∴  L = 2. 

3. (a) Method 1

To prove  P(n) :  2n > n2  (n ≥ 5) 

  For P(5), 25 = 32 > 25 = 52 .  ∴ P(5) is true. 
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n

n

n !r
1

y,
n
1

1x  

 
nk2n

n n
1

n
n

...
n
1

k
n

...
n
1

2
n

n
1

1
n

1
n
1

1x ⎟
⎠
⎞

⎜
⎝
⎛⎟
⎠
⎞

⎜
⎝
⎛++⎟

⎠
⎞

⎜
⎝
⎛⎟
⎠
⎞

⎜
⎝
⎛++⎟

⎠
⎞

⎜
⎝
⎛⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+=⎟

⎠
⎞

⎜
⎝
⎛ +=  

  ⎟
⎠
⎞

⎜
⎝
⎛ −
−⎟

⎠
⎞

⎜
⎝
⎛ −++⎟

⎠
⎞

⎜
⎝
⎛ −
−⎟

⎠
⎞

⎜
⎝
⎛ −++⎟

⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −++=

n
1n

1...
n
1

1
!n

1
...

n
1k

1...
n
1

1
!k

1
...

n
2

1
n
1

1
!3

1
n
1

1
!2

1
11  

 Since  k < n,  ⎟
⎠
⎞

⎜
⎝
⎛ −
−⎟

⎠
⎞

⎜
⎝
⎛ −++⎟

⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −+<

n
1k

1...
n
1

1
!k

1
...

n
2

1
n
1

1
!3

1
n
1

1
!2

1
2x n  

 Letting  n →∞ , we have:   ky
!k

1
...

!3
1

!2
1

2e =++++≥  

 Clearly,   xn < yn  ≤ e  and so as   exists and is equal to  e  , by Sandwich theorem. nn
ylim

∞→

 

12. ⎟
⎠
⎞

⎜
⎝
⎛ +−

+
=−⎟

⎠
⎞

⎜
⎝
⎛ +−=− ++ n

1
1ln

1n
1

bb,
n
1

1ln
n
1

aa n1nn1n  

 Since for   n < x < n + 1,  we have  
n
1

x
1

1n
1

<<
+

 . 

 
n
1

n
1

1ln
1n

1
n

dx
x

dx
1n

dx 1n

n

1n

n

1n

n
<⎟

⎠
⎞

⎜
⎝
⎛ +<

+
⇒<<

+
∴ ∫∫∫

+++
 

 . 0bb,0aa n1nn1n <−>−∴ ++

 {an}  is monotonic increasing  and  {bn}  is monotonic decreasing. 

 Furthermore,  an < bn . 

 Hence  a1 = 0  is the lower bound of  bn  ,  bn > an > an –1 > … > a1. 

 and    b1 = 1  is the upper bound of  an  ,  an < bn < … < b1. 

 By Monotone Bounded Convergence theorem,   exists. nnnn
blim,alim

∞→∞→

 ( ) nnnnnnnn
blimalim0

n
1

limbalim
∞→∞→∞→∞→

=⇒==−  

13. 
2n2

1
2n2

1
n2

1n2
...

8
7

6
5

4
3

a0 n
+

<
+

×
−

××××=<  

 Taking limit  as  n →∞ , we have , 0
2n2

1
limalim0
nnn

=
+

≤≤
∞→∞→

  . 0alim nn
=∴

∞→

14. It can be seen that  an > 0  ∀ n ∈ N .  

 Now,  a1 > 2,   2
21

6
a1

6
a

1
2 =

+
<

+
= . 

 But  
n

n

n

n

n
1n a1

)2a(2
a1
a24

2
a1

6
2a

+

−
−=

+

−
=−

+
=−+   (*) 

 If  an > 2,  then  an – 2 > 0,  from (*)  since  1 + an > 0,  we have  an+1 – 2 > 0  or  an+1 > 2. 

 Similarly, if  an < 2  , then  an+1 < 2. 

 By the Principle of Mathematical Induction,  a2k – 1 > 2 ,  a2k < 2    ∀ k ∈ N . 
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 Now,  
n

nn

n

n
2

n
n

n

n
n

n

n
n

n2n a7
)3a)(2a(

a7
6aa

a
a7

)a1(6
a

a1
6

1

6
a

a1
6

aa
+

+−
−=

+

−+
−=−

+

+
=−

+
+

=−
+

=−+  

 If  n = 2k – 1 , then  ,0
a7

)3a)(2a(
aa

1k2

1k21k2
1k21k2 <

+

+−
−=−

−

−−
−+   since  a2k – 1 > 2. 

 If  n = 2k , then  ,0
a7

)3a)(2a(
aa

k2

k2k2
k22k2 >

+

+−
−=−+  since  a2k < 2. 

 { a2k – 1 }  is decreasing and is bounded below by  2. 

 { a2k  }  is increasing and is bounded above by  2. 

 ∴ { a2k – 1 }  and  { a2k  }  have limits.  

 Since  
k2

k2
2k2 a7

)a1(6
a

+

+
=+  . Take limit  k → ∞ , putting   a ,  we get 2k2kk2k

alimalim +∞→∞→
==

 
a7

)a1(6
a

+

+
=  ,  a2 + 7a – 6 = 0 ,  (a + 3)(a – 2) = 0,  ∴ a = 2  (a = - 3 is rejected as  a > 0) 

 ∴  The sequence  { a2k  }  is convergent  to  2. 

 Since  
1k2

1k2
1k2 a7

)a1(6
a

−

−
+

+

+
=  . Take limit  k → ∞ , putting   b ,  we get 1k2k1k2k

alimalim +∞→−∞→
==

 
b7

)b1(6
b

+

+
=  ,  ∴ b = 2 ∴  The sequence  { a2k – 1 } is also convergent  to  2. 

 Since limit of a sequence is unique if exists,  . 2baalim nn
===

∞→

 

15. It can be seen easily that  an > 0   ∀ n ∈ N . 

 
( )

0
a2

1a
a2

a21a
1

a2
1a

1
a
1

a
2
1

1a
n

2
n

n

n
2

n

n

2
n

n
n1n >

−
=

−+
=−

+
=−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=−+  

   (1) Nn1a1a n1n ∈∀>⇒>⇒ +

 Now,  
( )( )

0
a2

a1a1
a2
a1

a2
a21a

a
a2

1a
a

a
1

a
2
1

aa
n

nn

n

2
n

n

2
n

2
n

n
n

2
n

n
n

nn1n <
+−

=
−

=
−+

=−
+

=−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=−+ , by (1). 

 ∴   an+1 - an < 0 ,  an+1 < an. 

 ∴  { an }  is decreasing and is bounded below by  1. 

 ∴   exists.    Let  L =  nn
alim

∞→ 1nnnn
alimalim +∞→∞→

=

 Since  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=+

n
n1n a

1
a

2
1

a ,  take  n→ ∞,  we have  
L2

1L
L
1

L
2
1

L
2 +

=⎟
⎠
⎞

⎜
⎝
⎛ +=  

 ∴ 2L2 =L2 + 1 

  L2 = 1 

 Since  an > 0,  L > 0,  ∴ L = 1. 
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16. (i) an  is strictly increasing 

Let  P(n)  be the proposition :  an < an+1. 

  For  P(1),  121 a60666a,6a ==+>+==  

  Assume  P(k)  is true for some  k∈N.  i.e.  ak < ak+1  …. (1) 

  (1)  ⇒  6 + ak < 6 + ak+1  ⇒ 2k1kk1k aa6a6a +++ =+<+=  

  ∴ P(k+1)  is true. 

  By the Principle of Mathematical Induction, P(n)  is true ∀n∈N. 

 (ii) an  is bounded above. 

  Since  an > 0,  1
a
6

a
a

a
6

aa6aa6a
nn

1n

n
n1n

2
n1nn +<+=⇒+=⇒+= −

−−  , an is increasing. 

  But  an > an-1 > … > a1 = 
6

6
a
6

6
n

<⇒   ∴ 1
6

6
an +<  

 (iii) By Bounded Monotone Theorem,    exists.  Let  L = =  nn
alim

∞→ nn
alim

∞→ 1nn
alim +∞→

  By taking  n →∞, 0)2L)(3L(06LLL6La6a 2
1nn =−−⇒=+−⇒+=⇒+= −  

  Since  L > 0,  ∴ L = 3. 

17. (i)  
( )
( )

( )( ) ( )( )
( )( ) ( )( )

0
3n2n

1
3n2n

3n3n22n5n2
2n
3n2

3n
5n2

2n
3n2

21n
31n2

uu n1n >
++

=
++

+−−++
=

+

−
−

+

+
=

+

−
−

++

−+
=−+  

  ∴ un+1 > un   and  un  is a montonic increasing sequence. 

  (ii)  2
2n

1
2

2n
3n2

un <
+

−=
+

−
=   ∴ un  is bounded above. 

 By Monotone Bound Theorem, the limit exists.  nn
ulim

∞→
2

n/21
n/32

limulim
nnn

=
+

+
=

∞→∞→
. 

18. (a) Sn  diverges.  It is bounded. 

 (b) Sn  converges.  Sn → 0  as  n → ∞. 

 (c) Sn  diverges.  It is unbounded.  It is not true that  Sn →∞  as  n → ∞ . 

 (d) Sn  converges.  Sn → 1  as  n → ∞. 

 (e) Sn  diverges.  It is bounded. 

 (f) Sn  converges.  Sn → 0  as  n → ∞. 

 (g) Sn  diverges.  It is unbounded.  It is true that  Sn →∞  as  n → ∞ . 

 (h) Sn  diverges.  It is unbounded.  It is true that  Sn →±∞  as  n → ∞ .  

  However, it is not true that  Sn →+∞  as  n → ∞ . 

19. (a) No,  take  an = 1/n ,  then  an →0  as  n → ∞ . 

  ...
2
1

2
1

2
1

1...
8
1

8
1

8
1

8
1

4
1

4
1

2
1

1...
8
1

7
1

6
1

5
1

4
1

3
1

2
1

1an
0n

++++=+⎟
⎠
⎞

⎜
⎝
⎛ ++++⎟

⎠
⎞

⎜
⎝
⎛ +++>++++++++=∑

∞

=

 

 Since the last series diverges,  Σan diverges. 
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(b) Yes, put  sn = a1 + a2 + … + an .   

 Σan  converges, then   exists and is equal to  L , say. nn
slim

∞→

 2/Lsand2/LsNn.t.sN,0 1nn ε<−ε<−⇒>∈∃>ε∀ −N  

  Then , for this  N,  n > N,   

  ( ) ( ) ε=ε+ε<−+−<−−−=−=− −−− 2/2/sLLssLLsss0a 1nn1nn1nnn . ∴  = 0. nn
alim

∞→

 (c) If   Σ | an |  is convergent, then by Cauchy definition: 

   ε<+++⇒∈∀>∈∃>ε∀ +++ pn2n1n a...aap,Nn.t.sN,0 NN  

  ∴ ε<+++<+++< +++++ pn2n1nn2n1n a...aaa...aa0  

  ∴ Σ an   is convergent. 

 (d) No,  take   ( )
n
1

1a n
n −= ,  then  Σ an   is convergent. 

  Proof : ( )
n
1

1n
1

pn
1

1...
3n

1
2n

1
1n

1
ss 1p

npn <
+

<
+

−+−
+

+
+

−
+

=− −
+  

  ∀ε >0, take  N = [1/ε] , then  if  n > N, ε<<−+ n
1

ss npn   holds. 

  But  Σ an =  Σ(1/n)  is not convergent. 

  
pn

p
pn

1
...

pn
1

pn
1

pn
1

2n
1

1n
1

ss npn
+

>
+

++
+

+
+

>
+

+
+

+
+

=−+  

  Take  p = n,  
2
1

ss nn2 >− .  If we take  ε =
2
1

, no matter how large is N, we cannot have 

  ε=<−
2
1

ss nn2 . 

20. 
1n

n

1n

1
...

1n

1

1n

1

nn

1
...

2n

1

1n

1
a

2222222n
+

<
+

++
+

+
+

<
+

++
+

+
+

=  

 
nn

n

nn

1
...

nn

1

nn

1

nn

1
...

2n

1

1n

1
a

2222222n
+

>
+

++
+

+
+

>
+

++
+

+
+

=  

 ∴ 
1n

n
a

nn

n
2n2 +

<<
+

  …. (1) 

 Taking limit as  n → ∞ . 

 1
n/11

1
lim

1n

n
limand1

n/11
1

lim
nn

n
lim

2n2nn2n
=

+
=

+
=

+
=

+ ∞→∞→∞→∞→
. 

 By Sandwich theorem,  . 

21. (a) 

1alim nn
=

∞→

( ) 21
1nn

21
1 x2x,...,2x −== .  First we like to prove that  P(n) : xn < 2  ∀n ∈N. 

  For  P(1),  22x1 <=    ∴ P(1)  is true. 

  Assume that  P(k-1) is true for some ∀k ∈N, i.e.  xk-1 < 2. 
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  For  P(k),     ( ) ( ) 222x2x 2/12/1
1kk =×<= −

  By the Principle of Mathematical Induction, P(n) is true  ∀n ∈N. 

  Now, ( ) 1
2
2

x
2

x
x

x2xx2x
n1n

n
1n

2
n

21
1nn ===⇒=⇒=

−

−− ,  since  xn > 0  and  xn < 2. 

  ∴  xn  is an increasing function and is bounded above by  2. 

  By the Monotone Bound Theorem,    exists and is equal to  L (say). nn
xlim

∞→

  Since  by taking  n→∞,  ( ) ( ) 2,0LL2LL2Lx2x 22/121
1nn =⇒=⇒=⇒= −  

  Since  xn > 0,   L = 2. 

 (b) ( ) 21
1nn

21
1 xcx,...,cx −+==    , c > 0. 

  (i) xn > 0  ∀n ∈N.  (obviously true, or prove by math. induction) 

  (ii) Claim:  xn < xn+1   ∀n ∈N.  Use M.I.   21 xcccx =+<=  

   1nnn1nn1nn1n xxxcxcxcxcxx +−−− <⇒+<+⇒+<+⇒<  

  (iii) Let  1nnnn
xlimxlim +∞→∞→

=  = L ,then  ( )
2

c411
LLcLxcx 21

1nn
++

=⇒+=⇒+= −  , L > 0. 

22. (i) 2cu,
u7

)u1(6
u 1

n

n
1n >=

+

+
=+  

  
( )

n

n

n

n

n

nn

n

n
1n u7

2u4
u7

8u4
u7

u214u66
2

u7
)u1(6

2u
+

−
=

+

−
=

+

−−+
=−

+

+
=−+   …(*) 

  It is clear that  un > 0 , ∀n ∈N. Hence by (*),  un > 2  ⇒ un+1 > 2. 

  Now, 
( )( )

n

nn
n

n

n
n1n u7

3u2u
u

u7
)u1(6

uu
+

+−
−=−

+

+
=−+  < 0. 

  ∴ un+1 < un  and  un  is monotonic decreasing. 

 (ii) Similar to  (i) , we can use mathematical induction to show that  un < 2  ∀n ∈N. 

    
( )( )

n

nn
n

n

n
n1n u7

3u2u
u

u7
)u1(6

uu
+

+−
−=−

+

+
=−+  > 0 

  ∴ un+1 > un  and  un  is monotonic increasing. 

 un  is bounded below in (i) since  un > 0  ∀n ∈N. 

 un  is bounded above in (ii) since  un < 2  ∀n ∈N. 

 ∴  Limit exists in both the above cases. Let  1nnnn
xlimxlim +∞→∞→

= = L , then from 

 
( )

( )( ) 2L03L2L
L7
L16

L
u7

)u1(6
u

n

n
1n =⇒=+−⇒

+

+
=⇒

+

+
=+ . 

 L = -3  is rejected since  un > 0  ⇒ L > 0. 

23. n nn
n bau += ,  0 < b ≤ a  ⇒  1

a
b

1
a
b n

≤⎟
⎠
⎞

⎜
⎝
⎛⇒≤ , 

 ( ) ( ) n/1n nnn nnn nnn n 2a111a/babaaa =+≤+=+≤=  

 Taking limit as  n →∞ and using Sandwich theorem,  abalimulim n nn

nnn
=+=

∞→∞→
. 

 10



24. We like to use Math. Induction to show that  P(n) : a < xn < b  is true  ∀n ∈N.   

 For  P(1),  a < x1 = h < b.    ∴ P(1)  is true. 

 Assume  P(k)  is true for some  n ∈N.   a < xk < b  …. (1) 

 For  P(k + 1),  xk+1 = xk
2 + c > a2 + c = a    (since  a2 – a + c = 0) 

    xk+1 = xk
2 + c < b2 + c = b  (since  b2 – b + c = 0) 

 ∴ a < xk+1+ < b   and  P(k + 1)  is also true. 

 By the Principle of Mathematical Induction, P(n) is true  ∀n ∈N. 

 We like to use Math. Induction to show that  P(n) :  xn+1 < xn  is true  ∀n ∈N. 

 For  P(1),  x1 = h ,  x2 = x1
2 + c = h2 + c = (h2 – h + c) + h < h  (since  h2 – h + c < 0 ) 

   (Note that  a, b  are roots of  x2 – x + c = 0  ⇒  a + b = 1  and  ab = c 

  h2 – h + c = h2 – (a + b) h + ab = (h – a)(h – b) < 0  since  a < h < b ⇔  h – a > 0  and  h – b < 0 ) 

 ∴  P(1)  is true. 

 Assume  P(k)  is true for some  n ∈N.  xk+1 < xk  for some  n ∈N. 

 For  P(k + 1),  xk+1 < xk  ⇒ xk+1
2 < xk

2  ⇒ xk+1
2 + c < xk

2 + c  ⇒ xk+2 < xk+1  ∴  P(k + 1) is true. 

 By the Principle of Mathematical Induction, P(n) is true  ∀n ∈N. 

 Since  xn  is bounded and is monotonic decreasing, limit exists.  Let   = L . 1nnnn
xlimxlim +∞→∞→

=

 By  xn+1 = xn
2 + c,  as  n →∞ ,  L = L2 + c ⇒ L2 – L + c = 0 ⇒ L = a  or  b  ( L = b  is rejected) 

25. (a) We like to prove that  ∀ε > 0,  ∃N(ε) > 0,  n > N ⇒ ε<
+

+

1n
1n

3
. 

  But  
ε

>⇐ε<⇐ε<
++

⇐ε<
+

+
⇐ε<

+

+ 1
n

n
1

1nn
1

1n
1n

1n
1n 2

2233
 

  Take  N = ⎥⎦
⎤

⎢⎣
⎡
ε

1
,  then  n > N ⇒ ε<

+

+

1n
1n

3
. 

 (b) We like to prove that  ∀ε > 0,  ∃N(ε) > 0,  n > N ⇒ ε<
n

nsin
. 

  But  ε<
n

nsin
  is true if  ε<

n
1

 ,  since  |sin n| < 1. 

  or if   1/n < ε   or if  n > 1/ε. 

  Take  N = ⎥⎦
⎤

⎢⎣
⎡
ε

1
,  then  n > N ⇒ ε<

n
nsin

 .     

 (c) We like to prove that  ∀ε > 0,  ∃N(ε) > 0,  n > N ⇒ 
( )

ε<
−

−+

1n
1n

2

n

 

  
( ) ( )

1
1

n
1n

1
)1(-1) (

1n
1n

)1n(
1n
1n

1n
1n n

22

n

2

n

−
ε

>⇐ε<
−

⇐≤ε<
−

+
⇐≥ε<

−

−+
⇐ε<

−

−+
∵∵  

  Take  N = ⎥⎦
⎤

⎢⎣
⎡ −
ε

1
1

, then  n > N ⇒
( )

ε<
−

−+

1n
1n

2

n

. 

 (d) We like to prove that  ∀ε > 0,  ∃N(ε) > 0,  ∀p > 0, n > N ⇒ |un+p - up | < ε 

  But  |un+p - up | = 
( ) ( )

( )
( )

ε<
+

−++
+

−
+

+

2
1n

pn
1

1...
n2p

1
n1p

1
  is true 
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  if  
( ) ε

>⇐ε<⇐ε<
+

1
n

n
1

n1p
1

 . Take  N = ⎥⎦
⎤

⎢⎣
⎡
ε

1
,  then  n > N ⇒|un+p - up | < ε. 

 (e) We like to prove that  ∀ε > 0,  ∃N(ε) > 0,  n > N ⇒ ( ) ε<−+ 2121 n1n  .    But: 

( ) ( )
( )

( )
ε

>+⇐
ε

>++⇐ε<
++

=−+⇐ε<−+
1

nn
1

n1n
n1n

1
n1nn1n 21212121

2121
21212121

 
ε

>⇐
ε

>⇐
ε

>+⇐
2
1

n
1

n2
1

nn 212121    ∴ Take  N = ⎥
⎦

⎤
⎢
⎣

⎡

ε2
1

 ,  

we have ∀ε > 0,  ∃N(ε) > 0,  n > N ⇒ ( ) ε<−+ 2121 n1n  . 

26. (a) When  n = 2k,  1
k2

1k2
lim
k

=
−

∞→
   ∴ r2k → 1. 

  When  n = 2k – 1 ,  
( )

1
1k2

11k2
lim
k

=
−

+−
∞→

   ∴ r2k –1 → 1.  ∴ rn → 1. 

 (b) 3 (c) 3/2 

 (d) . We like to prove  ∀M > 0, ∃N > 0,  n > N  ⇒ |n∞=
∞→

2/1

n
nlim 1/2| > M 

  But   |n1/2| > M  is true  if  n > M2.  Take  N = M2, n > N  ⇒ |n1/2| > M. 

 (e) ∞=⎟
⎠
⎞

⎜
⎝
⎛ ++++

∞→ n
1

...
3
1

2
1

1lim
n

.  See solution in No. 19 (d). 

 (f)   We like to prove that  ∀M > 0, ∃N > 0,  n > N  ⇒ |log∞=
∞→

nloglim 10n
10 n| > M 

  But  |log10 n| > M  is true if   n > 10M.  Take  N = 10M, then  n > N  ⇒ |log10 n| > M . 

27.  = 0.   ∀ε > 0,  ∃N(ε) > 0,  n > N ⇒ nn
xlim

∞→
ε<nx . 

 ∴ ∀ 1/ε > 0,  ∃N(ε) > 0,  n > N ⇒ ε>nx/1    since 0x n ≠  .  Take  M = [1/ε], then 

  ∀ M > 0,  ∃N(ε) > 0,  n > N ⇒ Mx/1 n >  .  ∴  ∞=
∞→

n
n x

1
lim . 

28. Yes. Proof : Let  xn → A , yn → B .   xn has limit ⇒ xn  is bounded  ⇔ |xn| < M . 

 |xnyn – AB| = |xnyn – xn B + xn B – AB| ≤ |xnyn – xn B| + |xn B – AB| =  |xn| |yn – B| + |B||xn – A| 

 xn → A , ∀ε > 0,  ∃N(ε) > 0,  n > N ⇒ |xn – A| < ε 

 yn → B, ∀ε > 0,  ∃N(ε) > 0,  n > N ⇒ |yn – B| < ε 

 ∴ |xnyn – AB| < Mε + Bε = ε (M + |B|)      ∴  AByxlim nnn
=

∞→
 . 

 The converse is not true.  Take  xnyn = 1,   xn = n,  yn = 1/n . 

29. (a) 0 < 
( )222 n2

1
...

)1n(
1

n
1

++
+

+ < 
n
1

n
n

n
1

....
n
1

n
1

2222
=<+++  

  Take  n →∞ , 
( )

0
n
1

lim
n2
1

...
)1n(

1
n
1

0
n222

=≤++
+

+≤
∞→

 ∴ 
( )

0
n2
1

...
)1n(

1
n
1

lim 222n
=++

+
+

∞→
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 (b) 
2
3

4
1

1

2
1

1
lim

2
3

4
1

1/
4
1

1

2
1

1/
2
1

1
lim

4
1

...
4
1

1

2
1

...
2
1

1
lim n

n

nn

n

n

n

n

n
=

⎟
⎠
⎞

⎜
⎝
⎛−

⎟
⎠
⎞

⎜
⎝
⎛−

=

⎟
⎠
⎞

⎜
⎝
⎛ −⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛−

⎟
⎠
⎞

⎜
⎝
⎛ −⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛−

=
+++

+++

∞→∞→∞→
 

 (c) (sin n!) is bounded and  0
1n

1
lim

1n
1n

lim
n2n

=
+

=
−

−
∞→∞→

  ∴ 0
1n

1n
)!n(sinlim

18

2n
=⎟

⎠
⎞

⎜
⎝
⎛

−

−
∞→

 

  1
n
1

1lim
1n

1
1n

1
...

3
1

2
1

2
1

1
1

lim
n)1n(

1
...

32
1

21
1

lim
nnn

=⎟
⎠
⎞

⎜
⎝
⎛ −=

⎭
⎬
⎫

⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡

+
−

−
++⎥⎦

⎤
⎢⎣
⎡ −+⎥⎦

⎤
⎢⎣
⎡ −=⎥

⎦

⎤
⎢
⎣

⎡

−
++

⋅
+

⋅ ∞→∞→∞→
 

  
( )
( )

2
n/11
n/12

lim
1n
1n2

lim
2

2

n2

2

n
=

−

+
=

−

+
∞→∞→

, 

  ∴  2
1n
1n2

n)1n(
1

...
32

1
21

1
1n

1n
)!n(sinlim

2

218

2n
−=

⎭
⎬
⎫

⎩
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡

−

+
⎥
⎦

⎤
⎢
⎣

⎡

−
++

⋅
+

⋅
−⎥⎦

⎤
⎢⎣
⎡

+

−
∞→

 

 (d) 
( )

( )
( )[ ]
( )[ ]

( )
( ) 3

1
13/2

13/2
lim

3
1

13/23
13/23

lim
32
32

lim 1n

n

n1n1n

nn

n1n1n

nn

n
=

+−

+−
=

+−

+−
=

+−

+−
+∞→++∞→++∞→

 

30. Put  a = 1 + b,  given that  a > 1  ∴ b > 0 

 ( )
( )

2/b)1n(nnb1
n

a
n

0
2/b)1n(nnb1

1
a
1

b
2

1nn
nb1b1a

2n2n
2nn

−++
<<⇒

−++
<⇒

−
++>+=  

 Take  n →∞ ,   0
2/b)1n(nnb1

n
lim

a
n

lim0
2nnn

=
−++

≤≤
∞→∞→

  ∴ 
nn a

n
lim

∞→
= 0 . 

 
( ) ( ) ( ) ( ) !6/5n...1nn...2/1nnn1

n
11

n
2
n

0
5

n

5

n

5

−−++−++
<

+
=<     where  n ≥ 6. 

 Take  n →∞   and use Squeeze Theorem,  0
2
n

lim
n

5

n
=

∞→
. 

31. (a) 5
x

xtan
x

xsin
5lim

n
1
n
1

tan

n
5
n
5

sin
5lim

n
1

tan

n
5

sin
lim

0x

2

2

2

2

n

2

2

n
=×=×=

→∞→∞→
 

 (b) ∞=∞×==×=
∞→→∞→∞→

1nlim
x

xsin
limn

n
1

n
1

sin
lim

n
1

n
1

sin
lim

n0xn

2

n
 

 (c) ( )[ ] ( )[ ] 000
2
1

x1lnlimxlim
2
1

x1lnxlim
2
1

n
n

2
1ln

lim
0x0x0x

n
2

xn
=××=+=+=

⎟
⎠
⎞

⎜
⎝
⎛ +

→→→=∞→
 

 (d) 
( ) ( )

( ) 2
1

n/11
n/11

lim
2
1

1n
nn

lim
2
1

1n
2/1nn

lim
1n

n...21
lim

2n2

2

n2n2n
=

+

+
=

+

+
=

+

+
=

+

+++
∞→∞→∞→∞→

 

 (e) 
( ) ( )

( )
0

n/11
n/11n/1n/11

lim
1n

1nn1n
lim

22

n

22

n
=

+

−−++
=

+

−−++
∞→∞→
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32. Given that  x1 = 1 , x2 = 2  and  2n1nn xxx −−=   ( n > 2 ) 

 
( ) ( )

( ) 2n

2n2

2/1

2/1

1

2

2/1

3n

2n

2/1

2n

1n

1n

2n

1n

2n1n

1n

n 2
x
x

...
x
x

x
x

x
x

x
xx

x
x −

−

−

−−

−

−

−

−

−

−

−

−

−−

−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
===  

 ( ) ( ) ( )
1

02n2n

1n
2/12/1

1n
2/1

n x
2
1

...
2
1

2
1

exp2...x22x2x
3n2n2n

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛−++⎟

⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛−====

−−

−
−−

−
− −−−

 

    
( )
( ) ⎥

⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛−−=⎥

⎦

⎤
⎢
⎣

⎡

−−

−−
=

− n1n

2
1

1
2
3

exp2
2/11

2/11
exp2 . 

  ∴ 222xlim 2/3
nn

==
∞→

 . 

33. a > b > 0 , ( ) ( )
1n1n

1n1n
n1n1nn11 ba

ba2
b,ba

2
1

a,
ba

ab2
b,ba

2
1

a
−−

−−
−−

+
=+=

+
=+=  

 anbn = an-1bn-1 = …= a1b1 = ab .   Obviously   an > 0, bn > 0,  since  a > b > 0. 

 ( ) abaabbaba
2
1

a 2
nnn.M.G.M.A1n1nn ≥⇒=≥+=

≥−−  …. (1) 

 abbabba
ba
ba2

b 2
nnn.M.G.M.H

1n1n

1n1n
n ≤⇒=≤

+
=

≤
−−

−−  …. (2) 

 ( ) 0
a

aab
2
1

a
ab

a
2
1

aba
2
1

aaa
1n

2
1n

1n
1nn1n1nn1nn ≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−=+−=−

−

−

−

−−−−  , by (1) 

0
ba

bba
b

ba
ba2

bb
1n1n

2
1n1n1n

1n
1n1n

1n1n
1nn ≥

+

−
=−

+
=−

−−

−−−
−

−−

−−
−  

1nn1nn bbab,aaab −− ≥≥≤≤  . 

an  is montonic decreasing and is bounded below.  bn  is montonic increasing and is bounded above. 

Let   = L ,  1nnnn
alimalim −∞→∞→

= 1nnnn
blimblim −∞→∞→

= = M . 

( ) ML
ML

LM2
M,

2
ML

L
ba
ba2

b,ba
2
1

a
1n1n

1n1n
n1n1nn =⇒

+
=

+
=⇒

+
=+=

−−

−−
−−   (L, M ≠ 0) 

( ) abL
L
ab

L
2
1

L
a
ab

a
2
1

ba
2
1

a
1n

1n1n1nn =⇒⎟
⎠
⎞

⎜
⎝
⎛ +=⇒⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=+=

−

−−−   (negative root rejected) 

34. (i) 
( )

n

2
n

n
n

n
n1n x3

x3
x

x3
x13

xx
+

−
=−

+

+
=−+      …. (1) 

  
1n

2
1n

1nn x3
x3

xx
−

−
−

+

−
=−         …. (2) 

  Now,  
( ) ( )

( )2
1n

2
1n

2

1n

1n2
n x3

x36
x3
x13

3x3
−

−

−

−

+

−
=⎥

⎦

⎤
⎢
⎣

⎡

+

+
−=−   …. (3) 

  From (3),    are of the same sign. 2
1n

2
n x3,x3 −−−

  From (1)  and  (2),    xn+1 - xn  and  xn – xn-1  are of the same sign. 

  ∴ xn  is monotonic. 

 (ii) 
( ) ( )( )

3x
x3

33
x3

3x33
x3

x333x33
3

x3
x13

3x n
nn

n

n

nn

n

n
1n −

+

−
=

+

−−
=

+

−−+
=−

+

+
=−+  
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   3xk3x
x3

3
nn

n

−=−
+

<    where  k = 
nx3

3
+

 , 0 < k < 1,  since  xn > 0. 

  3xk...3xk3xk3x 1
n

1n
2

n1n −<<−<−<− −+  

  ∴ 3xk3x3xk3 1
n

1n1
n −+<<−− +    and  xn+1 (hence xn)  is bounded. 

  By  (i)  xn  is monotonic,  ∴  xn  has a limit. 

  Let  = L , then from  1nnnn
xlimxlim +∞→∞→

=
( )

n

n
1n x3

x13
x

+

+
=+ , 

( )
L3
L13

L
+

+
= ,  L = 3  (-ve root rejected) 

35. (i) 0
u2

)Au(
A

u2
Au

Au
n

2
n

n

22
n

1n ≥
−

=−
+

=−+  since  un ≥ 0 .  ∴ un+1 ≥ A.  (un is bounded.) 

  
n

2
n

2

n
n

22
n

n1n u2
uA

u
u2

Au
uu

−
=−

+
=−+ ,  but  un ≥ A ⇒ un 2 ≥ A2 ,  since  un ≥ 0 , A > 0. 

  ∴ un+1 ≤ un .   (un is montonic decreasing.) 

 (ii) 2
n

2

n

n

n
22

n

n
22

n

n

22
n

n

22
n

1n

1n
1n d

Au
Au

Au2Au
Au2Au

A
u2

Au

A
u2

Au

Au
Au

d =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+

−
=

−++

−+
=

+
+

−
+

=
+

−
=

+

+
+  

 (iii) By (i), limit exists. 

  By (ii),    …. (1) ( )
n222 d...ddd ==== −+ 11nn1n

  Since  0 < A ≤ u1,  
Au
Au

d
1

1
1

+

−
= , 0 < d1 < 1. 

  As  n →∞ , by (1),  Aulim0
Au
Au

limdlim0dlim nn
n

n

nnn

2
1n

n

=⇒=
+

−
=⇒=

∞→∞→∞→∞→
. 

  Let  A = 11 ,   A2 = 11,    u1 = 4  ⇒ 0 < A < u1 . 

  375.3
42
1116

u2
Au

u
1

22
1

2 =
×

+
=

+
= , 

  3173.3
375.32

11375.3
u2

Au
u

2

2

22
2

3 ≈
×

+
=

+
=  

3166.3
3173.32

113173.3
u2

Au
u

2

3

22
3

4 ≈
×

+
=

+
=  

3166.3
3166.32

113166.3
u2

Au
u

2

4

22
4

5 ≈
×

+
=

+
=  

∴ 317.311 ≈    (correct to 3 decimal places) 
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